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Recent work has shown that the low energy sector of certain quantum Hall states is adiabatically
connected to simple charge-density-wave patterns that appear, e.g., when the system is deformed
into a thin torus. Here it is shown that the patterns emerging in this limit already determine the
non-abelian statistics of the ν = 1 Moore-Read state. Aside from the knowledge of these patterns,
the method only relies on the principle of adiabatic continuity, the effectively noncommutative
geometry in a strong magnetic field, and topological as well as locality arguments.
The discovery of the fractional quantum Hall (FQH)
effect [1] has bestowed us with a fascinating problem.
Since then both theory and experiment have demon-
strated the vastness of possible incarnations of FQH sys-
tems. While powerful methods have been developed
to study these states, the objects under investigation
have become ever more complex. The current interest
in quantum Hall physics is greatly fueled by the excit-
ing possibility of non-abelian states[2, 3]. These may
provide the ideal “hardware” for a fault tolerant topo-
logical quantum computer[4, 5]. Recently, new descrip-
tions of FQH systems have been developed that make
explicit use of the one-dimensional (1D) Hilbert space
structure of a Landau level[6, 7, 8, 9, 10]. In this ap-
proach, simple 1D patterns are used to label the ground
states and quasi-particle/hole type excited states of FQH
systems. For both single-component[6, 7, 8, 9] and
multi-component[10] FQH states, these 1D patterns nat-
urally encode characteristic properties of the underlying
states, such as their torus degeneracies and the fractional
charges of elementary excitations. Their equivalence to
”patterns of zeros” was clarified in Ref. 11, which also
introduced a framework to construct new quantum Hall
states. A fundamental problem in quantum Hall physics
is the calculation of braiding statistics through adiabatic
transport of quasi-particles. The classical treatment of
Ref. 12 has proven exceedingly difficult to generalize
to non-abelian states. For abelian states, an alternative
treatment was recently given in Ref. 13, where quasi-hole
states were identified as coherent states formed in the ba-
sis defined by the 1D patterns. Here, I will show that a
refined version of this approach is capable of extracting
the non-abelian statistics of quasi-holes in Moore-Read
(Pfaffian) states [2] as well. These quasi-holes have been
argued to carry gapless Majorana fermions, based on
the conformal field theory (CFT) construction of these
states[2, 14], and the analogy between the Pfaffian and a
p + ip wave superconductor[15, 16, 17, 18]. This is con-
firmed by the present approach, even though Majorana
fermions are in no way basic ingredients included into the
description of Pfaffian states presented here.
Pfaffian quasi-holes as coherent states. For simplic-
ity, I will focus on the bosonic Pfaffian at filling factor
ν = 1, on toroidal topology. The torus will be iden-
tified with a rectangular two-dimensional (2D) domain
of dimensions Lx and Ly subject to periodic (magnetic)
boundary conditions. I will set the magnetic length equal
to 1, such that LxLy = 2piL, where L is the number of
magnetic flux quanta through the surface, or the number
of orbitals in the lowest Landau level (LLL). One way
to uniquely attach distinct 1D patterns to the degen-
erate Pfaffian ground states is the following. Consider
the local Hamiltonian HPf [19] whose unique ground
states are the ν = 1 Pfaffian wavefunctions. One can
observe that in the “thin” torus limit Ly ≪ 1, Lx ≫ 1,
the ground states of HPf describe charge-density-wave
(CDW) states, which are adiabatically connected to the
bulk quantum Hall states in the 2D limit Lx, Ly≫ 1[7].
These 1D CDW patterns run along the x direction. The
underlying states are trivial basis states of the LLL Fock
space, where the orbitals ϕn of a certain LLL basis have
definite occupation numbers. For consecutive orbitals
ϕn, these occupation numbers form periodic patterns,
such as 20202020 . . . , 02020202 . . . and 11111111 . . . for
the three Pfaffian ground states at ν = 1 on the torus[7].
From the get-go, it should be noted that there is a notion
of “S-duality” in this formalism, which comes about by
interchanging the roles of x and y (i.e. through mod-
ular S-transformations on the torus): In the opposite
thin torus limit, Lx ≪ 1, Ly ≫ 1, the ground states
must evolve into the same CDW patterns, now extend-
ing along y. These states are then occupation number
eigenstates in a LLL basis ϕ¯n, which can be thought
of as a “rotated” version of the basis ϕn. In general,
a ground state that evolves into a given 1D pattern in
one thin torus limit will evolve into a superposition of
such patterns in the opposite thin torus limit, and vice
versa. One can argue[7, 8] that the adiabatic continu-
ity is observed not only by the incompressible ground
states, but also by states with 2n quasi-hole type exci-
tations. In the thin torus limit, such states evolve into
CDW patterns which are domain walls between ground
state patterns of the 11-type, and of the 02- or 20-type,
respectively, e.g. 202020111110202020. These patterns
are directly related to the fractional charge ν/2 of the
Pfaffian quasi holes, and to the number of topological
2sectors for 2n-hole states[7, 8]. Let us consider a pat-
tern with two domain walls whose positions along the
x-axis are x1, x2, e.g. as shown Fig. (1a). We can de-
fine orbital positions a1 = x1/κ and a2 = x2/κ of the
domain walls, where κ = 2pi/Ly is the distance between
consecutive orbitals in the LLL basis ϕn. Roughly, a1
and a2 should correspond to the zeros adjacent to the
11-string in the pattern. There is some freedom, how-
ever, in the precise definition of the domain wall posi-
tion relative to the end of a 11-string, which I will get
back to below. Given some convention to define a1 and
a2, I will denote the Ly → 0 CDW state correspond-
ing to a given pattern by |a1, a2, c). Here, c labels one
of the four topological sectors for 2-hole states on the
torus depicted in Fig. (1a). These sectors differ by the
order of the 11- and 20-type strings relative to the do-
main walls, and by the two possible phases of the 20-type
CDW patterns. The state that is obtained from |a1, a2, c)
by slowly increasing the circumference Ly is denoted by
|a1, a2, c〉 = Sˆ(Ly)|a1, a2, c), where Sˆ(Ly) is a unitary op-
erator that describes the adiabatic evolution from Ly = 0
to finite Ly. Note that as long as adiabatic continuity
holds, the states |a1, a2, c〉 must be orthogonal for differ-
ent a1, a2, c, since the |a1, a2, c) are. |a1, a2, c〉 is now a
state with two quasi-holes that are localized in x at κa1
and κa2, but are entirely delocalized around the y circum-
ference. It must be stressed that for Lx, Ly both large,
the state |a1, a2, c〉 has a constant density profile away
from x = κa1, κa2, and no CDW pattern is visible[7]. In
this 2D regime, consider now a state with two holes in
the sector c, that are localized at complex coordinates
hj = hjx + ihjy, j = 1, 2, and that are well separated
along the x axis, h2x−h1x ≫ 1. For such states, the
following coherent state expression can be given in terms
of the |a1, a2, c〉:
|ψc(h1, h2)〉 = N
∑′
a1<a2
φ(h1, κa1)φ(h2, κa2)|a1a2c〉 (1a)
where φ(h, x) = exp(
i
2
(hy + δ/κ)x− 1
4
(x− hx)2), (1b)
and N is a constant. An expression of this form was de-
rived in Ref. 13 for Laughlin states by making contact
with wavefunctions. However, it was also argued there
that the general form of Eq. (1) essentially follows from
the effective noncommutative geometry of the physics
in the LLL, where a commutation relation of the form
[xˆ, yˆ] ∝ i holds. The prime in Eq. (1) indicates that the
ai are restricted to be of the form ai = 2ni+fi(c), ni
integer, and fi(c) is defined such that ai is an allowed
domain wall position for the ith domain wall in the sec-
tor c, see below. Within a given sector, we can raise the
domain wall position ai only in units of 2. With this,
φ(h, κai) can also be viewed as a LLL wavefunction (in
h) of a charge 1/2 particle [13, 20], with boundary con-
ditions in hy that are sensitive to the sector c and to
i. Eq. (1) also captures the fact that the y-position of
a hole enters as x-momentum, as required by [xˆ, yˆ] ∝ i.
However, we can know the relation between y-position
and x-momentum only up to a constant δ at this point,
which will be further specified below. The goal of this
paper is to determine whether the simple form of Eq. (1)
can capture even non-abelian statistics. To this end, let
us observe that Eq. (1) could easily be generalized to 2n
holes, where we must keep in mind that we know the
precise form of the coherent state expression only when
the holes are well separated along the x axis. Let us
consider 4 holes, in the sector that is represented by the
pattern shown in Fig. (1b). Suppose we adiabatically ex-
change holes 2 and 3 in Fig. (1b). As long as the holes
are well separated in x, Eq. (1) does not permit a transi-
tion into a different topological sector. Such a transition
would imply a shift of the phase of the 20-CDW in the
corresponding sector label, as shown in Fig. (1b). It is
suggestive that such transitions should not happen while
all 20-strings are “long”, as this would apparently affect
many microscopic degrees of freedom at a time. Such
interesting transitions should only happen when the two
holes are close in x (though not in y), and Eq. (1) is not
valid. By the same argument, an exchange of holes 1 and
2 or 2 and 3 should not change the topological sector at
all. These holes are linked by a 11-type string in the
sector label, and all 20-strings remain long during their
exchange, implying topological stability. These consider-
ations immediately tell us that there is a basis of 2n-hole
states on the torus, for which every second generator of
the braid group is diagonal, and every other generator
is block diagonal with block size 2. However, we do not
yet know anything about complex phases picked up dur-
ing the exchange processes, or amplitudes for the allowed
transitions. I will now discuss how such information can
be obtained using methods similar to those of Ref. 13.
Locality and duality constraints. The result of exchang-
ing two holes should affect the thin torus limit of the state
only for orbitals ϕn that participated in the exchange, as
shown in Fig. (1b). This follows from the locality of HPf
and the short range of the correlations in the Pfaffian
ground states. Consider a state of 2n holes that are well
separated along the x-axis. The exchange of two adja-
cent holes should thus act on the sector label of the state
only by affecting the CDW-string linking the associated
domain walls. We can thus work out the transformation
on the sector label in a 2n-hole state, as long as we know
how 2-hole states transform under exchange for all sectors
shown in Fig. (1a). However, we must study 2 holes on a
torus for both even and odd particle number N = L−1,
since it will in general make a difference whether the 11-
string linking two holes is even or odd in length. To
overcome the technical difficulty that Eq. (1) is sensible
only for h2x−h1x ≫ 1, we could have worked from the op-
posite, or “dual”, thin torus limit where Lx → 0. There
must be an expression analogous to Eq. (1) in terms of
adiabatically continued domain wall states from this dual
3thin torus limit, which I denote by |a1, a2, c¯〉:
|ψc¯(h1, h2)〉 = N¯
∑′
a1<a2
φ¯(h1, κ¯a1)φ¯(h2, κ¯a2)|a1a2c¯〉 (2)
where κ¯ = 2pi/Lx, φ¯(h, y) = φ(−ih, y), and Eq. (2) is
now valid for h2y − h1y ≫ 1. The sector label c¯ refers to
the same four patterns depicted in Fig. (1a), which, how-
ever, extend along the y axis in the Lx → 0 limit. While
the states |ψc(h1, h2)〉, |ψc¯(h1, h2)〉 should span the same
subspace at given h1, h2, their precise relation is not im-
mediately obvious. Nonetheless, on each segment of the
exchange path depicted in Fig. (1c), at least one of the
two coherent state expressions Eqs. (1), (2) is valid. If we
knew the transition matrices ucc¯(h1, h2) that describe the
change of basis between |ψc〉 and |ψc¯〉 in regions where
both expressions are valid, we could calculate the adia-
batic transport for the exchange path shown in Fig. (1c).
To make progress, we need to specify the quantities fi(c)
introduced via ai=2ni+fi(c) above. Let the position of
the first (last) zero of a thin torus pattern in the sector
c = 1 be 2n1 (2n2), see Fig. (1a). We define the corre-
sponding domain wall positions to be a1,2 = 2n1,2 ∓ s.
That is, we let f1(1) = −s, f2(1) = s, where s is a param-
eter to be determined from locality, see below. Similarly,
for c = 3 we must then let f1(3) = s − 1, f2(3) = η − s,
where η=0 (η=1) for N even (odd). The sectors c=2, 4
are related to c=1, 3 by translation, i.e. fi(2) = fi(1)+1,
fi(4) = fi(3) + 1. We can now analyze the properties of
the states Eqs. (1), (2) under magnetic translations, Tx,
Ty. Since Tx,y commute with the adiabatic evolution op-
erator, the states |a1, a2, c〉, |a1, a2, c〉, transform under
translations in the same way as the trivial CDW states
|a1, a2, c), |a1, a2, c). The action of Tx,y on such states is
discussed in detail, e.g., in Ref. 13. For large Lx, Ly,
it turns out that Eq. (1a) is almost an eigenstate of Ty,
while Eq. (2) is almost an eigenstate of Tx, up to terms
of order 1/
√
L. Since close to ν = 1, Tx and Ty almost
commute, we can form linear combinations of the states
Eq. (1a) that are almost eigenstates of both Tx and Ty:
Tx|ψµ,ν(h1, h2)〉 ≃ µe−iκ(h1y+h2y)/2+ipiη|ψµ,ν(h1, h2)〉
Ty|ψµ,ν(h1, h2)〉 ≃ νeiκ(h1x+h2x)/2+ipiη|ψµ,ν(h1, h2)〉
(3)
Here, µ, ν = ±1, and ≃ means equality up to terms
that vanish when L → ∞. Likewise, we must be
able to form superpositions |ψµ,ν(h1, h2)〉 of the states
Eq. (2) that have the same properties under translations
as the |ψµ,ν(h1, h2)〉. Consistency then requires δ = 0 or
δ = pi[21]. Omitting the h1,2 dependence, one finds
|ψµ,ν〉 = (|ψc=2−ν〉+ µeiδ+ipiη|ψc=3−ν〉) /
√
2
|ψµ,ν〉 = (|ψc=2−µ〉+ νeiδ+ipiη|ψc=3−µ〉) /
√
2.
(4)
The |ψµν〉 then also satisfy Eq. (3). For the two bases
|ψµν〉, |ψµν〉, the transition matrix must thus be diagonal.
1
2
4.  202020202020201111111111111110202020202020
3.  020202020202011111111111111102020202020202
2.  111111111111110202020202020201111111111111
1.  111111111111102020202020202011111111111111
b)
a)
22’ 1
c) d)
...20202011111111102020202011111111102020202...
2 3 41
...1102020202011...
x x
2’
2’’ B
A
FIG. 1: a) Thin torus patterns defining 4 sectors for 2-hole
states. Vertical lines mark the orbitals 2n1, 2n2, see text. b)
State of 4 holes. A transition into a different sector through
exchange of holes 2 and 3 is indicated. c) Exchange path for
two holes. First, hole 2 is dragged along the arc into 2’. Then
2’ and 1 are shifted horizontally. At the points marked “X”,
the coherent state representations Eqs. (1), (2) are replaced
by one another via Eq. (5). d) Paths A and B used to link
the transition functions in Eq. (5) in different sectors. 2’ and
2” always denote intermediate or final positions of hole 2.
That is, for h2x−h1x≫1, |h2y−h1y|≫1, we must have:
|ψµν(h1, h2)〉 = u+µν(h1, h2)|ψµν(h1, h2)〉 (h2y > h1y)
|ψµν(h1, h2)〉 = u−µν(h1, h2)|ψµν(h2, h1)〉 (h2y < h1y)
(5)
where u±µν(h1, h2) is a pure phase. The process of ex-
changing the two holes is then diagonal in the µ, ν-basis.
From Eqs. (1), (2), we can easily calculate local Berry
connections in the limit κ, κ¯≪ 1 (large system) via
i〈ψµν |∇h1,2 |ψµν〉 = −
1
2
(0, h1,2;x)
i〈ψµν |∇h1,2 |ψµν〉 =
1
2
(h1,2;y, 0).
(6)
From Eq. (6), we can locally determine the h1,2 depen-
dence of u±µν up to an overall phase, for given µ, ν and
for each “region” σ ≡ sgn(h2y − h1y):
uσµν(h1, h2) = e
iασµν ei(h1xh1y+h2xh2y)/2 . (7)
The Berry phase βµν for the exchange of two holes in the
state |ψ〉µν along the path shown in Fig. (1c) can now be
calculated from Eqs. (5)–(7), as shown in detail in [13]:
βµν = ΦAB + α
+
µν − α−µν . (8)
Here, the Aharonov-Bohm phase ΦAB equals −1/2 times
the flux through the shaded area in Fig. (1c). I denote the
statistical part of the Berry phase by γµν = βµν − ΦAB.
To further determine γµν , we note that the functions u
σ
µν
4defined in Eq. (5) for different sectors µ, ν and σ come
in two classes. For given σµν = ±1, these functions can
be related to each other by moving one hole along one
of the paths A or B shown in Fig. (1d). Both Eqs. (1),
(2) are valid along these paths, which rearrange the hole
positions such that σ → −σ. At the same time, it is
found that ν → −ν for path A and µ → −µ for path
B. Related to that, along path A the sector c changes
to c′ = 5 − c for 2η+ c−3 ≥ 0, c′ = c + 2 otherwise.
We may identify |a1, a2, c〉 ≡ |a2 − L, a1, c′〉, and simi-
larly |a1, a2, c¯〉 ≡ |a2 − L, a1, c¯′〉. The phases picked up
by the states Eq. (4) along paths A,B follow from these
identifications, the non-single-valuedness of Eqs. (1), (2)
in h1,2, and the Berry connection Eq. (6). This leads to
relations among the ασµν . As a result, one can express all
the statistical phases γµν through γ++ and s, for both
even (e) and odd (o) particle number. It is found that
γe−+ = γ
e
+− = −γe++ + 2pis, γe−− = γe++ + pi − 4pis for N
even, while γo−+ = γ
o
+− = −γo+++2pis, γo−− = γo++−4pis
forN odd. Finally, let us consider the locality constraints
on the result of exchanging two holes, as discussed ini-
tially. If the holes are in the sector c = 1 or c = 2,
the 11-part of the thin torus limit of the states |a1, a2, c〉
entering Eq. (1) will be arbitrarily long in the thermo-
dynamic limit, during the entire exchange process. The
parity of its length, which is the parity of N , should thus
have no influence on the exchange. In terms of the µν-
basis Eq. (4), this immediately implies eiγ
e
++ = eiγ
o
−+ ,
eiγ
e
−+ = eiγ
o
++ . On the other hand, in the sectors c = 3
and c = 4, the result of the exchange may depend on the
particle number parity. However, as argued above, in
both these sectors the exchange should result in a pure
phase, which must be the same for c = 3 and c = 4
by translational symmetry. This leads to eiγ
e,o
−− = eiγ
e,o
+− .
These requirements severely constrain the parameters s,
γe,o++. Solutions are of the form
γe++ = γ
o
+− = γ
o
−+ = γ
o
−− = 5pi/8− 3pir/4 (9a)
γo++ = γ
e
+− = γ
e
−+ = γ
e
−− = pi/8 + pir/4 , (9b)
where r is integer. For r = 0 the two possible statistical
phases in the even/odd particle number sector are pi/8
and 5pi/8, which coincides with the prediction based on
CFT methods[22]. In terms of the original sectors dis-
played in Fig. (1a), Eq. (9) means the following: When
exchanging two holes that are linked by a 11-string in the
sector label, the state picks up a phase given by Eq. (9a)
if the 11-string has odd length, and by Eq. (9b) if it
has even length. If the holes are linked by a 20-type
string, it follows from Eqs. (4), (9) that the final state
remains in the original sector with an amplitude eiθ/
√
2,
and transitions into the sector where the 20-string has the
opposite phase with an amplitude (−1)rieiθ/√2. Here,
θ/pi = 1/4+ (−1)r/8+ ⌊r/2⌋/2. When applied to a gen-
eral 2n-hole label as depicted in Fig. (1b), this can be
shown to be equivalent to the following representation of
the generator that exchanges holes j and j + 1:
eiθe(−1)
r pi
4
ηjηj+1 , (10)
where ηk is a Majorana fermion associated with the k-th
domain wall in the label. Here, any sector label denotes
an eigenstate of η2j−1η2j with eigenvalue +i (−i), if the
associated domain walls are linked by a 11-string of odd
(even) length. Since the (−1)r in Eq. (10) can be ab-
sorbed by a unitary transformation, this determines the
non-abelian part of the statistics unambiguously.
Conclusion. It was shown that through the general
ansatz Eq. (1), the thin torus CDW patterns associated
with the ν = 1 Pfaffian already determine its non-abelian
statistics. The result Eq. (10) agrees with the Majorana
fermion picture based on conformal field theory (CFT)
and the p+ip-wave superconductor analogy. The abelian
part of the statistics is also determined modulo pi/4. This
serves as an independent check for the statistics derived
from CFT methods, which have so far not been proven
via adiabatic transport. A generalization of the for-
malism presented here to more complicated non-abelian
states seems natural.
Note: After this work had been submitted, a preprint
by Read appeared [23] discussing adiabatic transport
based on conformal block wavefunctions.
I would like to thank N. Bonesteel, K. Yang, and D.-H.
Lee for stimulating discussions.
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